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Abstract

The control problem for two serial flexible multilink
robotswhich carry a commonrigid payloadis considered.
An adaptve controllerwith feedbackand feedforvard ele-
mentsis presentedvhich cantrackaprescribedrajectoryfor
the payloadwith simultaneousvibration suppressiorwhen
themanipulatedpayloadis suficiently large.

1. Introduction

Theadaptve controlof robotmanipulatordrasbeenp-
resentedasa solutionfor dealingwith uncertaintyand
variationof the massproperties. Although thesesys-
temsare nonlinear globally stabletracking hasbeen
demonstratetboth analyticallyandsupportedhrough
experimentd1]. Thekey to theseresultshasbeenthe
linear dependencef the model on the unknown pa-
rametersand, in mary casesthe passiity of an ap-
propriateinput-outputmapping[2]. For instancewith
rigid robotsit is well known that the map from join-
t torquesto joint ratesis passve and this property
can be usedto explain the stabilizationpropertiesof
mary motion control stratgies including the ubiqui-
tousproportional-denative positionfeedback.

Motivatedby the utility of the pass¥ity conceptin
rigid robotcontrolandits occurrencen asingleflexi-
ble link whenthe reflectedtip rateis takenasthe out-
put [3], the presentauthorintroducedthe u-tip ratein
[4] whichgeneralizedhis outputto open-chairilexible
manipulators.Passvity usingthis outputwasdemon-
stratedfor u < 1 whenthe manipulatedpayloadwas
muchmore massve thanthe manipulatoranda feed-
forward which permittedits usein tracking problem-
s was constructedin [5]. The adaptve counterpart
of that controller was detailedin [6] and variations
of both controllerswereimplementedexperimentally
with greatsuccessn [7].

The extensionof the u-tip rateideato cooperating
robot armsforming a closedchain wastreatedin [8]
wheredetailedstability proofsandexperimentatesult-
s were presented. An interestingfeatureof this de-
velopmentwasthe occurrenceof a free-loadingshar

ing parametewhich wasusedto distribute the control

torquesbetweenthe two armsand form the general-
ization of the u-tip rate. Beyond this, the dynamics
and control of cooperatinglexible armshasreceved

little attentionbut therehasbeensome[9,10]. This pa-

perrepresentshe dénouementor theline of research
pursuedn [4-8]. A fusion of the previoustechniques
is broughtto bearon the problemof adaptie control

for cooperatinglexible robot armsin the casewhere
the payloadis significantly larger thanthe manipula-
torsbut otherwiseunknown.

Simulationresultswill be presentedor a systemof
two planararmseachwith threejoints that manipu-
late a sharedigid payload.Eacharm hastwo flexible
links anda third rigid link whichis cantileveredto the
largerigid payload.Excellenttrackingis demonstrated
with simultaneouwibration suppressiofior the adap-
tivecontrollerwhenthepayloads suficiently largefor
avariety of load-sharingparameters.

2. Cooperating Flexible Robots

S

Figurel: Closed-LoopMultibody System

Thiswork dealswith a chainof flexible and/orrigid
bodiesasshowvn in Figure 1. BodiesB, and By are
cantileveredin aninertial referencérame F, soasto
form a closedloop. The bodiesareconnectedy rev-
olutejoints and@ = col{f,}, n = 1---N, denotes
thecollectionof joint anglesandq, = col{q.,} isthe
collectionof N, elasticdegreesof freedom.

ThebodyBy, 1 < M < N, is takento bearigid
payloadundermanipulationandit is assumedhat M/



is equalto thenumberof rigid degreesof freedomafter
loop closure. The joint anglesandelasticcoordinates
arefurtherpartitionedas

6, = co{b,},n=1,---,M, (1)
6, = co{b,},n=M+1,---,N, (2
die = col{Qent,n=1,---, M, 3
d2e = col{qen}t,m=M+1,---N. 4)

The payload position p is interpretedas a six-tuple
whosetop half containsthe position of B, with re-
spectto F, and whose bottom half is an attitude
parametrizatiorsuchasEulerangles.

The payload position can be written as p
F1(01,9e1) = F2(02,q.2) WhereF;, i = 1,2, are
theforwardkinematicsmaps.lts velocity is givenby

P =Jig(0i,qic)0; + Jie(0i,qic)die, 0 = 1,2, (5)

whereJ g, J;., i = 1,2, arethe correspondingla-
cobianmatrices. The u-tip ratedescribedn Sec.1 is
definedby

pp + (1 — p)[C1J 1001 + C2J2485] (6)
p— (1 —p)[Cid1edie + Cod2.42¢] (7)

whereC; with0 < C; < 1andCy = 1 — Cy will be
termedload-sharingparametersFor p = 1, p,, = p,
the true payloadposition, while for = 0, p, de-
scribesan outputbasedon the joint motion alone. If
the approximationsJ 4 (0;, a:e) = Jig(0;,0), i
1,2, aremadethenthe integral of (6) yields p, ()
pp(t) + (1 — p)[C1F1(01,0) + CoF2(62, 0)] where
F:(6;,0) aretherigid forwardkinematicalmaps.The
controltorquesareassumedo be determinedaccord-
ingto

Pu

] =[Cidie Cad24]"7 (8)

whereT is acollectionof M controlinputs;hencethe
load-sharingdescriptionfor the C;. The paperestab-
lishesa control schemefor 7(t) sothat p(t) tracksa
prescribedayloadtrajectoryp;(t).

T:[Tl

3. LargePayload Dynamics

In [8], it was establishedthat the dynamicsof the
closed-loopflexible robot underthe assumptiorthat
By waslargeweredescribedy

; (9)
(10)

M,,p+ C,(p,p)p

Co(p,p)p = Mppp - Qa(pTMppp)/apa
M..g. + Deede + Keeqe =

— [Cid e Cod2]T7. (11)

=

In thefirst of these M ,, is thetask-spacenassmatrix
of theequivalentrigid armevaluatedat8; = F,.' (p)
where ' (1), i = 1,2, arethe rigid inversekine-
matics maps. Hence,(9) and (10) are equivalentto

the rigid-body task-spacemotion equations. In the

secondequation,]\//\lee = J\//\IZ; > O is the mass
matrix relative to q. assuminghat the large payload
forms a clamping boundarycondition (p = 0) and
K. = KZ; > O is the stiffnessmatrix. We have
addeda dampingterm D...q. with D, = DT, > O
which s requiredin the stability proofin the adaptve
case.

A further simplificationis possibleif oneincludes
only the payloadcontributionsto M ,,. First, recog-
nize that in this case(9) is equialentto the motion
equationfor a single rigid body with kinetic enegy
(1/2)p" M ,,p = (1/2)v" Mv where

=15

Here,v isthegeneralizedrelocity of the payloadbody
expressedh abody-fixedframeconsistingof thetrans-
lational velocity v in thetop three-tupleandthe angu-
lar velocity w in the bottom. M is the correspond-
ing (constantymassmatrix containingthe zeroth(m),
first (¢), andsecond(J) momentsof mass. Note that
v = P(p)p where P = diag{Cuo(p),Smo(p)},
C o is the rotation matrix describingthe orientation
of By with respecto Fy, andS s is thecorrespond-
ing matrix transformingEuler ratesinto (body-frame)
angularvelocity. To facilitate the subsequentievel-
opment, the six-dimensionalextensionof the cross-
operatoiis definedby

ml —c*

M:[cx J

w* O
® — T,®
V_[vx ><],1/1/_0.

The notation(-)* denoteghe 3 x 3 skew-symmetric
matrix usedto implementhevectorcrossproduct.The
motionequation(9) cannow bewrittenin theform

Mv + v Mv =P T(p)7. (12)

4. TheAdaptive Controller

The desiredtrajectoryis prescribedby {p,, pg, P4}
andit is assumedhatp, — p, (constantast — oo.
Thefollowing quantitiesplay anessentiatole:

vg = P(p)pda
v = v-ve=P(p)p, p=p—pgy
Vy = Vq-— P(p)Aﬁu = P(p)[pd - Aﬁu]:

ﬁp = pp - ppd) (13)



vy

(14)
(15)

V—Vr = P(p)[ﬁ+Aﬁu])
b+ AB,,

Su

whereA = AT > O andp,,, is the desiredform of
p, discussedbelow. Giventhestructureof thepayload
motionequation(12), ourchoiceof feedforwardtorque
canbewritten as

P 7%= W(i,,v,,v)a2 Mi, + v® My (16)

wherea = col{m,c, j} (j is acolumnof thesix inde-
pendenmomentof inertiaelementspndW is termed
theregressomatrix.

Thedesiredbehaiour for the elasticdisplacements,
qeq, is definedby

J/\Z-ee(ied + DeeéIed + Keeqed =
[Cid1e Cod2e]"Ta (17)

andthedesiredform of p, is definedby p,,.; = p; —
(]- - ,U/)[ClJleélle,d + 02J2eq2e,d]- SUbtraCting]-G)
from (12)and(17) from (11) yieldsthefollowing form
of theerrordynamics:

Mv, +0°Mv = P T(p)7 (18)
J/\Zeeag + Deeae + Keeae =
— [Cid1e Cod2]TT  (19)

~ A~ o~ ~ ~ ~ A
whereT =7 — 74 andq. = col{Qie, Q2¢ } = qe — Qed-
Now considerthe function

T o T -
%VT MVT + %(1 _:U’) [qe Meeqe

Su

+ azKeeae] (20)

which is nonngjative if 4 < 1. Its time derivative
yields, after substitutingfor the errordynamics,

: ~ o~ T ;

SH = (T - Td)TSN - (1 - /J/)qe DeeQe‘ (21)
Integrating with respectto time from zeroto T > 0
andtaking S, (0) = 0 yields fOT(? —79)Ts,dt =
Su(T) + (1 — 1) 7§, De.d, dt which suggestshat
themappings, = G[T — 74] embodiedoby (18), (19),
(15), andﬁu =p- (1 - p’)[ClJleale + 02J2662e
is passve [11] if u < 1. Onthe basisof the passvity
theorem[11], s, € L, if 7 — 7y = —HJ[s,] and H
is a strictly passve operator i.e., fOT sI:fH[sH] dt >
e f) sls,dt, YT > 0, Vs, € Lo, andsomee > 0.
(If e = 0, H is apassve operator)

Now, let us replacethe parametersn the feedfor
wardin (16) with estimates(t) andmotivatedby the

passvity theoremusea positive-definitefeedbaclkgain
matrix K, = K% > O for H:

7 =P"W©W,,v,,v)a(t) - Kas,. (22

Hence,

T
/ al'w’Ps,dt

T
—/ F—7) s, dt= —
0 0

T
+ / sy Kas, dt.
0

TheoperatorH will bestrictly passieif a is apassie
functionof —W7' Ps,,. The simplestsuchfunctionif
knowledgeof thetrueparameterss to beavoidedis an
integrator Therefore,

a _I‘WT(DNUMV)P(p)SIM (23)

r">0

=a
T

Thefinal form of the controllergivesusthefollowing:
Theorem. Theuseof thecontrollergivenby (8), (22),
(16),and(23)yieldsp(t) — 0 ast — oc.

Proof. It hasbeennotedthat on the basisof the pas-
sivity theorems,, € L. Now, consideithefunction

V=8,+3a'r"a>0 (u<l).

Using(21), (22),and(23), its time derivative satisfies
. - T .
V= _SngSu - (1-waq, Deq, <0.

Hences, € Ly N Lo, d, € L2 N Loo, p, € Lo,
p, € LyN Ly, andp, — 0 ast — oo. SinceV
is bounded,so area and,. Sinces,, B,. P, Pq.
pg = 0 ast — oo, sodov, ande,. ThereforeF =
F—74 - PT"W(@,,v,,v)a = 0. Sinceq, is the
solutionof the stablesystemin (19) with # — 0, then
q. — 0. Whenthis resultis combinedwith p, — 0,
thenp — 0. O

5. Numerical Example

Simulationresultswill now be presentedor a system
of two planararmseachwith threejoints thatmanipu-
late a sharedobject(Figure2). Eacharm hastwo flex-
ible links anda third rigid link which is cantilevered
to the large rigid payload. BodiesB;, B2, B4, and
Bs are modelledas an inboardrigid body, a homo-
geneous,isotropic flexible beamexhibiting in-plane
bending(with bendingstiffnessET), andanoutboard
rigid body. The masspropertiesof eachbody arepre-
sentedn Tablel wherem, ¢, andJ arethezeroth first,



Figure2: Systemfor Simulation

andsecondnomentof masgelative to theinboardat-
tachmenpoint of thesub-bodyand/ is its length. The
gearedactuatorexhibit alumpedrotor inertiaeachof
whichis givenin Table2.

This is a mathematicaimodel of an experimental
testbedconstructedin the Departmentof Mechani-
cal Engineeringat the University of Canterlury in
ChristchurchNew Zealand.An analysisof the system
vibrationmodesandbothexperimentalndsimulation
resultsfor the nonadaptre form of the controllerpre-
sentedin this paper(a = a in (22)) is presentedn
[8]. Thecloseagreementdemonstratetheresuggests
thatthe simulationresultsgiven herefor the adaptve
caseareindicative of whatwould beachieredin exper
iment. Otherdetailsconcerningthe modelling proce-
dureandthe simulationof the exactmotion equations
(no large payloadapproximation)subjectto the loop-
closureconstraintarediscussedn [8].

Thedesiredrajectoryis acircle for thecentreof the
payloadwith constantorientation. The centreof the
circle is givenby p, = [-0.3 0.75 0]7 m andits
radiusis r. = 0.15 m. The payloadpositionaround
thecircle is measuredvith theangley () with ¢ = 0
correspondingo the“3 o’clock” position. This angle
is selectedso that the first semicircleis an accelera-
tion phasewith ¢(0) = /2 (roughly the positionin
Figure2), 4(0) = ¢(0) = 0, ¥(T) = 2x/T, and
Y(T) = 0with ¢(t) = (7 /2) + (wt/T) — sin(wt/T).
Thenext threefull circlesareperformedwith constant
angularvelocity ¢ = 27 /T. Thelastsemicircleis a
deceleratiorphaseerminatingwith Y(5T) = w/2and
Y(5T) = ¥(5T) = 0, with (5T — t) = 7 — (),
0<t<T.

For the following study T 4 sec., 0.8,
A = Q.1in (15),andK,; = Q. - P(p,)T M P(p,)
in (22), whereQ. = 4 rad/s. Thevalueof T in the
adaptatioriaw is selectedo be diagonalwith entries

Tablel: RobotMassProperties

y4 m c J EI

(m) | (k@) | (@m) |(g-m?)|(N-m*)
Base
(Bo = Bg) | 0.600
Arm 1
B rotor 0.037| 2.66 | 1.84 | 0.23
B link 0.406| 0.20| 40.4 | 10.9 | 39.3
By stator | 0.062| 1.92| 112. | 8.43
Bs rotor 0.082| 1.80| 15.8 | 2.19
Bs link 0.360| 0.18| 32.3 | 7.76 | 39.3
Bs stator | 0.067 | 0.93| 54.6 | 4.15
Payload
(Bs) 0.598 | 15.7 | 4670 | 1950
Arm 2
B, rotor 0.067| 0.93| 7.99 | 1.02
By link 0.327] 0.19| 26.1 | 9.69 | 39.3
B, stator | 0.112| 2.10| 206. | 24.3
Bs rotor 0.077| 2.23| 10.2 | 3.26
Bs link 0.390| 0.16 | 37.3 | 5.69 | 39.3
Bs stator | 0.037 | 2.53| 92.5| 131.

Table2: RotorlInertias

joint | (gm?) | (g-m?)

1,6 128. 128.

2,5 150. 307.

3,4 16.1 16.1

givenby 'y = 4Qchmm where
N T
Thm = [/ W(I./d,l/d,l/d)K(;l
0

X W(I'/d,ljd,l/d) dt]mm'

Given the planarnatureof the problema effectively
contains4 parametersm, c;, ¢y, and.J,,. For sim-
plicity, wetake p,,; = p, sothat(17)is notused.
Initially, the controllaw wasimplementedisingon-
ly the feedbackportion (a = 0) with balancedoad-
sharing(Cy = C» = 0.5). Theresultingtrackingper
formanceis illustratedin Figure 3 with large position
andorientationerrorsin evidence. Whenthe feedfor
ward wasimplementedusingthe true known parame-
ters(a = a), the tracking performancadllustratedin
Figure 4 was obtainedwith correspondingerrorsand
orientationgiven in Figure5. Thereis considerable
improvementovertheresultsusingPD feedbackalone



with simultaneousibrationsuppression.
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Figure3: SimulationResultsfor PD FeedbaclControl

The resultscorrespondingo the useof the adapta-
tion law in (23) with a(0) = 0 areshown in Figure
5 for two differentload-sharingscenariosinteresting-
ly, they aresignificantlybetterthanthe fixed (known)
parametecasewhich occursbecausehe feedforward
is basedon the payloadalone. The adaptve form evi-
dentlyhastheability to accountor the“missing” mass
in thearms.Theevolution of threeof thefour parame-
terestimatess shavn in Figure6. As mightbeexpect-
ed,the parameterslo not corvergeto thetrue payload
valueshut largervaluesindicative of the entirerobot.

6. Conclusions

A passiity-basedadaptve controllerhasbeendevel-
opedfor two flexible robotarmswhich manipulatea

largerigid payload. The underlyingpassiity proper
ty dependsnly on the size of the payloadandhence
is robustwith respecto the stiffnesspropertiesof the
link andthe numberof modelledmodes.A freeload-
sharingparametepermitsthe requiredjoint torqueso
be sharedbetweerthearmsin anarbitraryfashion.

The robotic systemusedin the numerical exam-
ple exhibited significantdeparturegrom the assumed
payload-dominatethodel: the payloadmassis on the
orderof that of the two robot armsandthe joints ex-
hibit significantrotor inertias.In spiteof theseeffects,
theadaptve controllerworkedquite well.
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Figure4: FixedParameteResults
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Figure6: ParameteEstimates



