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Abstract

The control problem for two serial flexible multilink
robotswhich carry a commonrigid payloadis considered.
An adaptive controllerwith feedbackand feedforward ele-
mentsis presentedwhichcantrackaprescribedtrajectoryfor
the payloadwith simultaneousvibration suppressionwhen
themanipulatedpayloadis sufficiently large.

1. Introduction

Theadaptivecontrolof robotmanipulatorshasbeenp-
resentedasa solutionfor dealingwith uncertaintyand
variationof the massproperties.Although thesesys-
temsare nonlinear, globally stabletrackinghasbeen
demonstratedbothanalyticallyandsupportedthrough
experiments[1]. Thekey to theseresultshasbeenthe
linear dependenceof the model on the unknown pa-
rametersand, in many cases,the passivity of an ap-
propriateinput-outputmapping[2]. For instance,with
rigid robotsit is well known that the mapfrom join-
t torquesto joint rates is passive and this property
can be usedto explain the stabilizationpropertiesof
many motion control strategies including the ubiqui-
tousproportional-derivativepositionfeedback.

Motivatedby the utility of the passivity conceptin
rigid robotcontrolandits occurrencein a singleflexi-
ble link whenthereflectedtip rateis takenastheout-
put [3], thepresentauthorintroducedthe � -tip ratein
[4] whichgeneralizedthisoutputto open-chainflexible
manipulators.Passivity usingthis outputwasdemon-
stratedfor ����� whenthe manipulatedpayloadwas
muchmoremassive thanthe manipulatoranda feed-
forward which permittedits usein trackingproblem-
s was constructedin [5]. The adaptive counterpart
of that controller was detailed in [6] and variations
of both controllerswere implementedexperimentally
with greatsuccessin [7].

The extensionof the � -tip rate ideato cooperating
robot armsforming a closedchainwas treatedin [8]
wheredetailedstabilityproofsandexperimentalresult-
s were presented.An interestingfeatureof this de-
velopmentwasthe occurrenceof a free-loadingshar-

ing parameterwhich wasusedto distributethecontrol
torquesbetweenthe two armsand form the general-
ization of the � -tip rate. Beyond this, the dynamics
andcontrol of cooperatingflexible armshasreceived
little attentionbut therehasbeensome[9,10]. Thispa-
perrepresentsthedénouementfor the line of research
pursuedin [4-8]. A fusionof the previous techniques
is broughtto bearon the problemof adaptive control
for cooperatingflexible robot armsin the casewhere
the payloadis significantly larger than the manipula-
torsbut otherwiseunknown.

Simulationresultswill bepresentedfor a systemof
two planararmseachwith threejoints that manipu-
latea sharedrigid payload.Eacharmhastwo flexible
links anda third rigid link which is cantileveredto the
largerigid payload.Excellenttrackingis demonstrated
with simultaneousvibrationsuppressionfor theadap-
tivecontrollerwhenthepayloadissufficiently largefor
avarietyof load-sharingparameters.

2. Cooperating Flexible Robots

� �	

 �
������ ��

� � � � � � � � � � � � � � � � � � � �� � � � � �� � ���� � ������ ��� � ���! "# $% & & ' ' '' ' '� � � ���� �� ����(
Figure1: Closed-LoopMultibody System

Thiswork dealswith a chainof flexible and/orrigid
bodiesasshown in Figure1. Bodies

� �
and

�*)
are

cantileveredin an inertial referenceframe + � soasto
form a closedloop. Thebodiesareconnectedby rev-
olute joints and ,.-0/21436587:9<; , =>-?�*@2@8@BA , denotes
thecollectionof joint anglesand CEDF-G/H14365IC D 9 ; is the
collectionof A D elasticdegreesof freedom.

Thebody
��J

, �LKNMOK>A , is taken to bea rigid
payloadundermanipulationandit is assumedthat M



is equalto thenumberof rigid degreesof freedomafter
loop closure.The joint anglesandelasticcoordinates
arefurtherpartitionedas, � - /H1�365I7:9P;RQB=S-.��Q2@2@8@HQTMUQ (1),WVX- /H1�365I7 9 ;RQB=S-YM[Z\��Q2@8@2@HQTA]Q (2)C � D - /H1�365^C D 9 ;�Q_=`-a�4Q8@2@2@2QTMUQ (3)C�V D - /H1�365^C D 9 ;�Q_=`-�MbZY�4Q8@2@8@BA]c (4)

The payloadposition d is interpretedas a six-tuple
whosetop half containsthe position of

��J
with re-

spect to
� �

and whose bottom half is an attitude
parametrizationsuchasEulerangles.

The payload position can be written as d -� �fe , � Q_C D �8g - � V e ,<VfQ_C D V g where
�ih

, jk-0�4Qml , are
theforwardkinematicsmaps.Its velocity is givenbynd]-Yo hqp e , h Q_C h D g n, h Zro h D e , h QTC h D g nC h D Qsjt-a�4QmluQ (5)

where o hqp , o h D , jL-[��QTl , are the correspondingJa-
cobianmatrices.The � -tip ratedescribedin Sec.1 is
definedbyndEv - � ndwZ e �Fxy� g2z {F� o � p n, � Z { V2o|V p n,<VH} (6)- ndLx e �Fxy� g2z {F� o � D nC � D Z { V8o|V D nC�V D } (7)

where
{ �

with ~�� { � �a� and
{ V -��|x { � will be

termedload-sharingparameters. For ��-�� , dEvS-�d ,
the true payloadposition, while for ��-[~ , d v de-
scribesan outputbasedon the joint motion alone. If
the approximationso hqp e , h Q_C h D g c-�o hqp e , h Qm� g , j�-��QTl , aremadethenthe integral of (6) yields d�v e6�Bg -�Ed e��Bg Z e ��xi� gHz {�� � �fe , � Qm� g Z { V � V e ,�VfQm� g } where�yh e , h QT� g aretherigid forwardkinematicalmaps.The
control torquesareassumedto bedeterminedaccord-
ing to � - z � � @8@2@ �2) }��y- z { � o � p { V o V p }��t�� (8)

where �� is a collectionof M control inputs;hencethe
load-sharingdescriptionfor the

{ h
. The paperestab-

lishesa control schemefor

� e��Bg
so that d e��Bg tracksa

prescribedpayloadtrajectoryd�� e6�Bg .
3. Large Payload Dynamics

In [8], it was establishedthat the dynamicsof the
closed-loopflexible robot under the assumptionthat��J

waslargeweredescribedby���m�<�dwZ�� � e dsQ nd g nd�-?�� Q (9)� � e dsQ nd g ndS- n� �m��nd�x �V�� e nd � � �m�*nd g_� � dsQ (10)�� D�D �C D Z�� DBD nC D Z�� D�D C D -x z { � o D � { V o D V }q�t�� c (11)

In thefirst of these,
� �m�

is thetask-spacemassmatrix
of theequivalentrigid armevaluatedat , h - �¢¡ �£ h e d g
where

� ¡ �£ h e @ g , jy-¤�4Qml , are the rigid inversekine-
maticsmaps. Hence,(9) and (10) are equivalent to
the rigid-body task-spacemotion equations. In the

secondequation,
�� D�D - �� � D�D�¥§¦ is the mass

matrix relative to C D assumingthat the large payload
forms a clampingboundarycondition ( d0-�� ) and¨ D�D - ¨ � D�D�¥ ¦ is the stiffnessmatrix. We have
addeda dampingterm © D�D nC D with © D�D -a© �DBDª¥«¦
which is requiredin thestability proof in theadaptive
case.

A further simplification is possibleif one includes
only the payloadcontributionsto

� �T�
. First, recog-

nize that in this case(9) is equivalent to the motion
equationfor a single rigid body with kinetic energye � � l g nd � ���m� nd]- e � � l g�¬ � � ¬ where� -�ª®°¯ x|±<²±�² ³ ´ Q ¬ -��µ¶ ´ c
Here,

¬
is thegeneralizedvelocityof thepayloadbody

expressedin abody-fixedframeconsistingof thetrans-
lationalvelocity µ in thetop three-tupleandtheangu-
lar velocity ¶ in the bottom.

�
is the correspond-

ing (constant)massmatrix containingthe zeroth( ® ),
first ( ± ), andsecond( ³ ) momentsof mass.Note that¬ -[· e d g nd where ·¸-[¹uºq»f¼P5:½ J¾� e d g QÀ¿ J¾� e d g ; ,½ Jª� is the rotationmatrix describingthe orientation
of
��J

with respectto
� �

, and ¿ J¾� is thecorrespond-
ing matrix transformingEuler ratesinto (body-frame)
angularvelocity. To facilitate the subsequentdevel-
opment, the six-dimensionalextensionof the cross-
operatoris definedby¬ÂÁ -  ¶ ² ¦µ ² ¶ ² ´ Q ¬ � ¬sÁ -G�Ec
The notation

e @ g ² denotesthe 3 Ã 3 skew-symmetric
matrixusedto implementthevectorcrossproduct.The
motionequation(9) cannow bewritten in theform� n¬ Z ¬tÁ � ¬ -G· ¡ � e d g �� c (12)

4. The Adaptive Controller

The desiredtrajectory is prescribedby 5^dE�4Q ndE��Q �d��f;
andit is assumedthat d��¾ÄÆÅd�� (constant)as

� ÄÈÇ .
Thefollowing quantitiesplay anessentialrole:¬ � - · e d g nd � QÉ¬ - ¬ x ¬ � -G· e d g nÉd*Q ÉdS-\d`x�dE��Q¬ £ - ¬ � x¢· e d g�Ê É dEvË-G· e d g2z ndÌ�Fx Ê É dEv�}�QÉdEv - dEv¾x°d�vf�4Q (13)



É¬ £ - ¬ x ¬ £ -�· e d g2z nÉd�Z Ê Éd�vR}�Q (14)Í v - nÉ d�vÎZ Ê Éd�v�Q (15)

where
Ê - Ê � ¥�¦ and d�vf� is the desiredform ofd�v discussedbelow. Giventhestructureof thepayload

motionequation(12),ourchoiceof feedforwardtorque
canbewrittenas· ¡ � �� � -«Ï e n¬ £ Q ¬ £ Q ¬tgBÐÒÑ- � n¬ £ Z ¬sÁ£ � ¬ (16)

where
Ð -./2143�5 ® QT±ÓQqÔf; (Ô is a columnof thesix inde-

pendentmomentof inertiaelements)and Ï is termed
theregressormatrix.

Thedesiredbehaviour for theelasticdisplacements,C D � , is definedby�� DBD �C D � Zr� D�D nC D � Z � D�D C D � -x z {F� o � D { V2o|V D } � �� � (17)

andthedesiredform of d�v is definedby
ndEvf�¾- nd��Õxe �Öx¢� g2z {F� o � D nC � DT× � Z { V8oFV D nC�V DT× � } . Subtracting(16)

from (12)and(17) from (11)yieldsthefollowing form
of theerrordynamics:� nÉ¬ £ Z É¬ Á£ � ¬ - · ¡ � e d g É� (18)�� D�D �É CEDÂZ�� D�D nÉC�DØZ � DBD É C D -x z {F� o � D { V8o|V D } � É� (19)

where
É� Ñ-��� xw�� � and

É C D -G/H1�3�5 É C � D Q É C�V D ; Ñ-iC D xÙC D � .
Now considerthefunctionÚ v - �V É¬ �£ � É¬ £ Z �V e �Fxy� gFÛ nÉC � D �� D�D nÉ C DZ ÉC � D ¨ DBD É C DTÜ (20)

which is nonnegative if �Ý�¤� . Its time derivative
yields,aftersubstitutingfor theerrordynamics,nÚ v - e �� x �� � g � Í v x e �Fx°� g nÉC � D � D�D nÉ C D c (21)

Integratingwith respectto time from zero to Þ ¥ß~
and taking

Ú v e ~ g - ~ yields à �� e �� xU�� � g � Í v�á � -Ú v e Þ g Z e �Öx°� g à �� nÉC � DE� D�D nÉCÌD á � which suggeststhat
themappingÍ v -�â z �� xr�� � } embodiedby (18), (19),
(15), and

nÉ dEv�- nÉdyx e �kx�� gHz { � o � D nÉC � D Z { V o V D nÉ C V D
is passive [11] if �\��� . On thebasisof thepassivity
theorem[11], Í v¢ã�ä V if �� xå�� � -�xÖæ z Í v } and æ
is a strictly passive operator, i.e., à �� Í �v æ z Í v } á �rçè à �� Í �v Í v á � , é<Þ�¥�~ , é Í v ã\ä V D , andsome è ¥�~ .
(If è -\~ , æ is apassiveoperator.)

Now, let us replacethe parametersin the feedfor-
ward in (16) with estimates� Ð�e��Bg andmotivatedby the

passivity theoremuseapositive-definitefeedbackgain
matrix � � -Y� �� ¥\¦ for æ :�� -G· � Ï e n¬ £ Q ¬ £ Q ¬Âg � Ð�e6�Bg x�� � Í v c (22)

Hence,xiê �� e �� xr�� � g � Í v�á � - x ê �� É Ð �sÏ � · Í v�á �Z ê �� Í �v � � Í v á � c
Theoperatoræ will bestrictly passiveif

É Ð
is apassive

functionof xÎÏ � · Í v . Thesimplestsuchfunction if
knowledgeof thetrueparametersis to beavoidedis an
integrator. Therefore,nÉ Ð - n� Ð - x|ëFÏ � e n¬ £ Q ¬ £ Q ¬sg · e d g Í v Q (23)ë - ë��r¥ì¦
Thefinal form of thecontrollergivesusthefollowing:
Theorem. Theuseof thecontrollergivenby (8), (22),
(16),and(23)yields

Éd e��Bg Ä�� as
� Ä?Ç .

Proof. It hasbeennotedthaton the basisof the pas-
sivity theorem,Í vwã]ä V . Now, considerthefunctioní - Ú v Z �V É Ð � ë ¡ � É Ð ¥ì~ e �°��� g c
Using(21), (22),and(23), its time derivativesatisfiesní -«x Í �vE� � Í v x e �|x°� g nÉ C � D © D�D nÉ C D Kå~Pc
Hence Í v�ãaä VÕî äkï ,

nÉC D ã>ä VÕî äkï ,
nÉdEv ãaä V ,É dEv ã«ä VÕî äkï , and

É dEv�Äð� as
� ÄðÇ . Since

í
is bounded,so are

É Ð
and

É¬ £ . Since Í v , nÉ d v , Éd v , nd � ,�d��ªÄ[� as
� ÄÈÇ , sodo

¬ £ and
n¬ £ . Therefore,

É� -�� xì�� � Ä§· � Ï e n¬ £ Q ¬ £ Q ¬Âg É Ð -�� . Since
É C D is the

solutionof thestablesystemin (19) with
É� Äñ� , thenÉ C D Ä�� . Whenthis resultis combinedwith
Éd�v`ÄÈ� ,

then
É d`Ä�� . ò

5. Numerical Example

Simulationresultswill now bepresentedfor a system
of two planararmseachwith threejoints thatmanipu-
latea sharedobject(Figure2). Eacharmhastwo flex-
ible links anda third rigid link which is cantilevered
to the large rigid payload. Bodies

���
,
� V , �só , and�*ô

are modelledas an inboard rigid body, a homo-
geneous,isotropic flexible beamexhibiting in-plane
bending(with bendingstiffnessõÒö ), andanoutboard
rigid body. Themasspropertiesof eachbodyarepre-
sentedin Table1 where® , ÷ , and ø arethezeroth,first,
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Figure2: Systemfor Simulation

andsecondmomentsof massrelativeto theinboardat-
tachmentpointof thesub-bodyand � is its length.The
gearedactuatorsexhibit a lumpedrotor inertiaeachof
which is givenin Table2.

This is a mathematicalmodel of an experimental
testbedconstructedin the Departmentof Mechani-
cal Engineeringat the University of Canterbury in
Christchurch,New Zealand.An analysisof thesystem
vibrationmodesandbothexperimentalandsimulation
resultsfor the nonadaptive form of the controllerpre-
sentedin this paper( � Ð - Ð in (22)) is presentedin
[8]. Thecloseagreementdemonstratedtheresuggests
that the simulationresultsgiven herefor the adaptive
caseareindicativeof whatwouldbeachievedin exper-
iment. Otherdetailsconcerningthe modellingproce-
dureandthesimulationof theexactmotionequations
(no largepayloadapproximation)subjectto the loop-
closureconstraintarediscussedin [8].

Thedesiredtrajectoryis acircle for thecentreof the
payloadwith constantorientation. The centreof the
circle is given by d�� - z x|~Pc �Æ~Óc����Æ~:} � m and its
radiusis � � - ~Pc ��� m. The payloadpositionaround
thecircle is measuredwith theangle � e6�Bg with �Y-«~
correspondingto the “3 o’clock” position. This angle
is selectedso that the first semicircleis an accelera-
tion phasewith � e ~ g -�� � l (roughly the position in
Figure 2),

n� e ~ g - �� e ~ g - ~ , n� e Þ g -ñl�� � Þ , and�� e Þ g -Y~ with � e��Bg - e � � l g Z e � �_� Þ g x��_º � e � �_� Þ g .
Thenext threefull circlesareperformedwith constant
angularvelocity

n��-�l�� � Þ . The last semicircleis a
decelerationphaseterminatingwith � e �fÞ g -!� � l andn� e �fÞ g - �� e �:Þ g -�~ , with � e �:Þ�x �Bg -"�°x#� e��Bg ,~ÙK � KåÞ .

For the following study, Þ§-%$ sec., � - ~Pc & ,Ê -(' � ¯ in (15), and � � -(' � @R· e d)� g � � · e d�� g
in (22), where ' � -"$+*m»4¹ � � . The valueof ë in the
adaptationlaw is selectedto be diagonalwith entries

Table1: RobotMassProperties

� ® ÷ ø õÒö
(m) (kg) (g @m) (g @mV ) (N @mV )

Base
(
�s� - �-,

) 0.600

Arm 1� �
rotor 0.037 2.66 1.84 0.23� �
link 0.406 0.20 40.4 10.9 39.3� �
stator 0.062 1.92 112. 8.43� V rotor 0.082 1.80 15.8 2.19� V link 0.360 0.18 32.3 7.76 39.3� V stator 0.067 0.93 54.6 4.15

Payload
(
�-.

) 0.598 15.7 4670 1950

Arm 2� ó
rotor 0.067 0.93 7.99 1.02�só
link 0.327 0.19 26.1 9.69 39.3�só
stator 0.112 2.10 206. 24.3�*ô
rotor 0.077 2.23 10.2 3.26� ô
link 0.390 0.16 37.3 5.69 39.3� ô
stator 0.037 2.53 92.5 131.

Table2: RotorInertias

joint (g @mV ) (g @mV )
1, 6 128. 128.
2, 5 150. 307.
3, 4 16.1 16.1

givenby /)010G-2$3' � Þ � /)010 where�/)010 - 4 ê �� Ï e n¬ � Q ¬ � Q ¬ � g � ¡ ��Ã Ï e n¬ � Q ¬ � Q ¬ � g á � } 010 c
Given the planarnatureof the problem

Ð
effectively

contains4 parameters:® , ÷65 , ÷67 , and ø�898 . For sim-
plicity, we take dEvf� c-Yd�� sothat(17) is not used.

Initially, thecontrollaw wasimplementedusingon-
ly the feedbackportion ( � Ð2: � ) with balancedload-
sharing(

{F� - { Vª-«~Pc � ). Theresultingtrackingper-
formanceis illustratedin Figure3 with largeposition
andorientationerrorsin evidence.Whenthe feedfor-
wardwasimplementedusingthe trueknown parame-
ters ( � Ð;:�Ð

), the trackingperformanceillustratedin
Figure4 wasobtainedwith correspondingerrorsand
orientationgiven in Figure 5. There is considerable
improvementover theresultsusingPDfeedbackalone



with simultaneousvibrationsuppression.
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Figure3: SimulationResultsfor PDFeedbackControl

The resultscorrespondingto the useof the adapta-
tion law in (23) with � ÐEe ~ g -�� areshown in Figure
5 for two differentload-sharingscenarios.Interesting-
ly, they aresignificantlybetterthanthefixed(known)
parametercasewhich occursbecausethe feedforward
is basedon thepayloadalone.Theadaptive form evi-
dentlyhastheability to accountfor the“missing” mass
in thearms.Theevolutionof threeof thefour parame-
terestimatesis shown in Figure6. As mightbeexpect-
ed,theparametersdo not convergeto thetruepayload
valuesbut largervaluesindicativeof theentirerobot.

6. Conclusions

A passivity-basedadaptive controllerhasbeendevel-
opedfor two flexible robot armswhich manipulatea

large rigid payload. The underlyingpassivity proper-
ty dependsonly on the sizeof the payloadandhence
is robustwith respectto thestiffnesspropertiesof the
link andthenumberof modelledmodes.A free load-
sharingparameterpermitstherequiredjoint torquesto
besharedbetweenthearmsin anarbitraryfashion.

The robotic systemused in the numericalexam-
ple exhibited significantdeparturesfrom the assumed
payload-dominatedmodel: thepayloadmassis on the
orderof that of the two robot armsandthe joints ex-
hibit significantrotor inertias.In spiteof theseeffects,
theadaptivecontrollerworkedquitewell.
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Figure5: TrackingErrors
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Figure6: ParameterEstimates


